This paper derives asymptotic expansion formulas for option prices and implied volatilities as well as the density of the underlying asset price in a stochastic volatility model. In particular, the integration-by-parts formula in Malliavin calculus and the push-down of Malliavin weights are effectively applied. It provides an expansion formula for generalized Wiener functionals and closed-form approximation formulas in stochastic volatility environment. In addition, it presents applications of the general formula to a local volatility expansion as well as to expansions of option prices for the shifted log-normal model with stochastic volatility. Moreover, with some result of Malliavin calculus in jump-type models, this paper derives an approximation formula for the jump-diffusion model in stochastic volatility environment. Some numerical examples are also shown.
Introduction
This paper develops an asymptotic expansion method for generalized Wiener functionals by applying Malliavin weight(divergence given by the integration-by-parts formula) and push-down(the conditional expectation in Malliavin(1997) and Malliavin-Thalmaier(2006) ). As applications, the paper proposes a concrete approximation formula of option prices as well as the density of the underlying asset price in a stochastic volatility model, and then derives a new Taylor expansion formula of the implied volatilities. Moreover, it presents applications of the general formula to a local volatility expansion in the stochastic volatility model and expansions of option prices for the shifted log-normal model in stochastic volatility environment. Also, combining some result of Malliavin calculus in jump-type models by Bavouzet-Messaound(2006) with our method, this paper derives an approximation formula for option prices in the jump-diffusion model with stochastic volatility. To the best of our knowledge, it is the first study with push-down of Malliavin weights for deriving analytic approximation formulas for local volatilities, option prices and implied volatilities in those models. A companion paper, Takahashi-Yamada (2009) applies the method to deriving a concrete approximation formula for valuation of barrier options with discrete monitoring under stochastic volatility models.
Various stochastic volatility models has been proposed for calibration to market prices of options with so called volatility skews and smiles. However, closed-form solutions for option prices in the stochastic volatility environment are rarely found, and hence a large number of studies have been made in order to obtain analytic approximations and efficient numerical schemes for option prices and implied volatilities with stochastic volatility models. Takahashi (1995 Takahashi ( ,1999 proposed approximation formulas based on the asymptotic expansion method in Watanabe theory (Watanabe(1983 (Watanabe( ,1984 (Watanabe( ,1987 , Yoshida(1992a,b) ) for valuation of various derivatives including options in stochastic volatility environment. Founier et al. (1997) provided an expansion result of the second-order partial differential equation which satisfies the uniform ellipticity condition. Fouque et al.(2000) derived a closed form approximation formula for the fast mean reverting stochastic volatility model using a singular perturbation method, and then discussed the calibration problem. Hagan et al.(2002) introduced the SABR stochastic volatility model and obtained an approximation implied volatility formula. The SABR model was extended by Labordere (2008) to the λ-SABR model. Recently, Antonelli-Scarlatti(2009) gave a Taylor series expansions of option prices with respect to a correlation parameter in a stochastic volatility model.
The organization of the paper is as follows: the next section derives an asymptotic expansion formula for generalized Wiener functionals after a brief summary of Malliavin calculus necessary for the remaining of the paper. Section 3 applies the general formula to pricing options in a stochastic volatility model and then obtains implied volatilities' expansions. It also presents numerical examples for expansions up to the first order(ϵ-order).
As applications, Section 4 provides approximation formulas for local volatilities in the stochastic volatility model and option prices (or/and implied volatilities) in the shifted log-normal and jump-diffusion models with stochastic volatilities. Section 5 concludes. Appendix gives explicit calculations of push-down of Malliavin weights (coefficients in the expansions) and the detail computation of Proposition 4.1 as well as condtional expectaion formulas used in calculations.
Asymptotic Expansion

Malliavin calculus
This subsection summarizes basic facts on the Malliavin calculus which are necessary for the following discussion.
and µ is the Wiener measure. Next, let H be a Hilbert space such that
) is absolute continuous with respect to t and
with an inner product ⟨h, Given
We also introduce the notation DZ F such that DZ F := 
is invertible and 
where (γ 
We call this duality form the generalized expectation.
Asymptotic Expansion for Generalized Wiener Functionals
First, let O ⊂ R n and ν be the measure on O. Then, S(O, ν) and S ′ (O, ν) denote the Schwartz space of the rapidly decreasing functions and the set of the Schwartz distributions on the measure space (O, ν), respectively.
Watanabe (1983, 1984) introduced the distribution on Wiener space as composition of a non-degenerate map F by a Schwartz distribution T . The next theorem restates the result of Watanabe (1984) in terms of Malliavin(1997) and Malliavin-Thalmaier(2006) .
We define the iterated Malliavin weight. The Malliavin weight H α (k) is recursively defined as follows:
where
Here, γ F = {γ F ij } 1≤i,j≤n denotes the inverse matrix of the Malliavin covariance matrix of F .
By Malliavin(1997) and Malliavin-Thalmaier(2006) the conditional expectation on the Wiener space E F gives a map:
1. There exists a map
(E F ) * is called the lifting up of T .
The conditional expectation defines a map
We call this map the push down of G.
The following duality formula is obtained:
(Proof ) In this proof, we apply the discussions of Watanabe(1984) , Malliavin(1997) , Malliavin-Thalmaier(2006) and Nualart(2006).
. By the Malliavin integration-by-parts formula, we can estimate as follows; for p
as n, n ′ → ∞, where ϑ
, by push-down and then the integration by parts formula on R n or the integration by parts formula on W and then push-down, we obtain
where ϑ
We define Oϵ as Oϵ = {x ∈ R n : p F (x) > ϵ}. Therefore,
for all s, which implies
Note that the conditional expectation has the following expression:
For all k ∈ N and for all j = 1,
if xj < 0, we can derive a similar estimate. These facts imply
as n → ∞.
2
The next theorem presents an asymptotic expansion formula for generalized Wiener functionals.
Theorem 2.4 Consider a family of smooth Wiener functionals
has an asymptotic expansion in D∞ and satisfies the uniformly non-degenerate condition:
Then, for a Schwartz distribution T ∈ S ′ (R n ), we have an asymptotic expansion in R:
is recursively defined as follows:
Here, γ 
∥(E
Then, there exists an asymptotic expansion of ⟨(E 
where p (Proof) Take a delta function δy ∈ S ′ in the theorem above. 2
Asymptotic Expansion in Stochastic Volatility Model
This section applies the general formula in the previous section to pricing options in a stochastic volatility model and then obtains a new implied volatility's expansion formula. It also presents numerical examples of expansions up to the first order(ϵ-order).
Asymptotic Expansion of Option Prices
This subsection proves a basic result on an asymptotic expansion for a stochastic volatility model. 
where 
Next, we impose the following condition.
We define the logarithmic process of (S
Let p SV (y) be the density of the underlying asset of the stochastic volatility model and C SV (T, K) and P SV (T, K) be the call and the put option prices under the stochastic volatility with maturity T and strike price K. Also let p BS (y) is the log-normal density of the Black-Scholes model, i.e.,
. C BS (T, K) and P BS (T, K) denote the Black-Scholes formula of the call and the put options with maturity T and strike price K, i.e.,
Let σ S
We introduce the expressions;
Then, we have the following result.
Theorem 3.1 Under the stochastic volatility model (24), we have asymptotic expansions of the density and the option prices as follows:
(Proof) Let (Yt)t be the solution of the following stochastic differential equation;
T is given by;
where Ds,1X
Assumption 3.1 yields the nondegeneracy of S (0)
Then, the similar argument to Takahashi-Yoshida (2004), we have an asymptotic expansion in D−∞;
. (40) By the integration by parts formula,
Similarly, we have
Then, we obtain asymptotic expansion formulas of the density and the option prices;
The Malliavin weights are computed by the iterated Skorohod integrals.
H1
(
Remark 3.1 The first order approximation of the call price is given by
with ηt = exp
The computation of pushing down the Malliavin weights are shown in Appendix A, where the following relation (Proposition A.1) is applied:
See Appendix A for the detail.
Implied Volatility Expansion
This subsection derives an asymptotic expansion formula for the implied volatility in the stochastic volatility model considered in the previous subsection, where we obtained an approximation formula of a call option:
We obtain an asymptotic expansion formula of the implied volatility aroundσ =
Theorem 3.2 Under the stochastic volatility model (24), an asymptotic expansion of the implied volatility is given by
are derivatives of the Black-Scholes formula with respect to the volatility, i.e.,
(Proof) Suppose that an implied volatility is expanded as;
Then we have
By the definition of the implied volatility in the stochastic volatility, i.e., C
, the approximation terms of the implied volatility are given by
Numerical Examples
This subsection shows numerical examples for the following stochastic volatility model:
where all the parameters will be specified later. We set the risk-free interest rate to be zero(i.e. r = 0). We also use the following notations;
Dt,1S
The first order approximations of the asymptotic expansions of the option price and the implied volatility are given by
and
First, we give the numerical results on the accuracy of our approximation formula for call option prices. Benchmark : Heston's Fourier transform solutions. Benchmark : Monte Carlo simulation (1,000,000 trials, 500 time steps). Benchmark : Monte Carlo simulation (3,000,000 trials, 1000 time steps).
Next, we show the numerical results for impiled volatilities. 
Applications
This section provides series of approximation formulas for local volatilities in the stochastic volatility model and option prices in the shifted log-normal and jump-diffusion models with stochastic volatilities; an expansion of the implied volatility is also given for the jump-diffusion model. Also we set the risk-free interest rate r = 0 in this section.
Local Volatility
First, note that the Dupire formula of the local volatility in the stochastic volatility model is expressed by Malliavin calculus as follows:
Then, we can derive a closed-form approximation of the Dupire formula via the distribution theory on the Wiener space and the following propostion is obtained, 
is expanded up to the ϵ 2 -order as follows:
and hn(·; Σ) denotes the Hermite polynomial of degree n, with
(Proof)
First, we define X
T |ϵ=0 for k ∈ N. Also, we set r = 0 for simplisity. The second order expansion of the density is given by the formula.
p1 and p2 are defined by
Note first that V (σ
T ) is expanded in D−∞ as follows:
Then, its expectation is expanded as follows;
g1 and g2 are defined by
Therefore, the Dupire formula in stochastic volatility model is expanded as follows;
) (
See Appendix B for the detail of computation of σ 
Shifted Log-normal Model
This subsection derives an approximation formula of the option price in the shifted log-normal model with stochastic volatility:
where β is a constant such that s > β. At ϵ = 0, the option price is given by
We define the following deterministic process:
Then, the following proposition is obtained.
Proposition 4.2 An asymptotic expansion formula for the shifted log-normal model (73) is given as follows;
(Proof) We first note that dS
Hence, in stead of the original problem we can consider the option pricing problem with the underlying asset price process F (ϵ) and strike K − β. Then, the same argument as in Thereom 3.1 and Remark 3.1 can be applied to computation of the push-down of the
, where
Thus, the result is obtained.
Jump-Diffusion with Stochastic Volatility Model
This subsection applies the Malliavin calculus to a jump-diffusion stochastic volatility (SVJ) model. Let (Ω, F , P ) be a probability space on which we define a Brownian motion (Wt)t, a Poisson process (Nt)t with intensity λ and i.i.d random variables (∆j) j∈N such that ∆j ∼ N (0, 1). We will assume that the σ-algebras generated by (Wt)t, (Nt)t, (∆j)j are independent. First, we introduce the perturbed stochastic differential equation :
where Jt is defined by
with Yj = a + b∆j and m = E[e
The solution of (80) is given by
We define the following notations:
Moreover, let us call σ SV J.IV (T, K) an implied volatility, which satisfies
Proposition 4.3 Under the jump-diffusion stochastic volatility (SVJ) model (80), the call option price C SV J (T, K) and its implied volatility σ SV J.IV (T, K) are expanded up to the ϵ-order as follows:
with
(Proof) Let C M 1 denote the coefficient of ϵ-order in the asymptotic expansion of C SV J around ϵ = 0:
where ∂x { (
Next, by the integration by parts formula including the jump amplitudes (e.g. Bavouzet and Messaound (2006) ), the right hand side of the last equality in the above equation is expressed as
where H1,n is the Malliavin weight on {N (T ) = n}, which will be given below: Let D0 be the Malliavin derivative with respect to Brownian motion for W1 and Di be the Malliavin derivative with respect to the jump amplitudes ∆i, i = 1, · · · , n. Then, on {N (T ) = n},
D0,tS
where we use DiX 
is the contribution by the jump part.(e.g. See p.282 in Bavouzet-Messaound (2006) .) Using the Skorohod integral for the Brownian motion and the jump amplitude, on {N (T ) = n} we can compute the Malliavin weight H1,n as follows;
where each D * i (i = 0, 1, · · · , n) is the adjoint operator of Di(i = 0, 1, · · · , n) and
T ) is expressed by the usual Itô integral,
Recall that ∆i is Gaussian random variable N (0, 1). Hence, from p.280 in Bavouzet-Messaound (2006) ,
Because X1T is a stochastic integral driven by the Brownian motion which is independent of ∆i, we have for
and for i = 1, · · · , n,
Hence, (93) is expressed as
Then,
where ϑn(x) is the push down of the Malliavin weight H1,n;
Using a version of the conditonal expectation formulas 1. and 2. in Appendix C, we easily evaluate ϑn(x) as
Thus, we obtain (85):
Next, let
, and let us regard C M as a function of σ BS :
. Also, the vega of C M with respect to σ BS , vega M is given by
Suppose that σ SV J.IV satisfies
and that σ SV J.IV is expanded around ϵ = 0:
Then, we have
Finally, comparing (85) with (102), we obatin
wihch leads to the result (86).
Conclusion
This paper developed an asymptotic expansion method for generalized Wiener functionals based on the integrationby-parts formula in Malliavin calculus and the push-down of Malliavin weights. As an application, it derived asymptotic expansion formulas for option prices and implied volatilities as well as the density of the underlying asset price in stochastic volatility environment. It also presented numerical examples for expansions up to the first order(ϵ-order). Moreover, it applied the general formula to a local volatility expansion in a stochastic volatility model as well as to expansions of option prices for the shifted log-normal model with stochastic volatility. Further, combining some result of Malliavin calculus in jump-type models by Bavouzet-Messaound(2006) with our method, this paper derives an approximation formula for the jump-diffusion model in stochastic volatility environment. More detailed numerical experiments and higher-order expansions are our next research topics.
A Computation of Malliavin Weights
This section derives the Malliavin weights of the first and second order approximation terms of the asymptotic expansion of option prices. The formulas for the evaluation of conditional expectations appearing below are summarized in Appendix C.
We consider the following stochastic volatility model;
Also we use the following notations;
The closed-form approximation of the density and the call option price at t = 0 with strike K and maturity T are given by
where ϑ (0) (1) and ϑ
is the Malliavin weights:
Note first that for t ∈ [0, T ], Dt,2X
. Recall also that D1 and D * 1 are the Malliavin derivative and its adjoint operator(Skorohod integral) for the Brownian motion W1. Then, the Malliavin weights are computed as follows;
The next proposition is useful for computation of the Malliavin weights.
Proof A. 1 We follow Proposition (8.2) 
in p.82 of Malliaivn (1997).
Let g be a non-degenerate Wiener smooth map, g ∈ D∞(W :
lift of z to the Wiener space(a covering vector field of z);
where γ s,l is the (s, l)-element of the inverse matrix of the Malliavin covariance matrix of g. Then, Proposition (8.2) in p.82 of Malliaivn (1997) says that for Ψ ∈ D∞(W : R) and k(x) = E g=x (Ψ) where
where ∂zk(x) :=< z, (dk(x)/dx) >. In our case, set g = D * (h) and then, g ∈ D∞(W : R)(i.e. n = 1). Also, let z ≡ 1 and hence,
H in our case, and thus the result (112) is obtained.
A.1 First Order Approximation
By (112), the push-down of the Malliavin weight E
where a1 = ρ
By (112), the push-down of the Malliavin weight H1
A.2 Second Order Approximation
By the formula (112), we have
Note that
Malliavin weight:
E[
A.2.4 H 2 (X (0)
T , (
[( are computed as follows;
In particular, as for σ LV 2 note first that by A.1,
Hence, by (112),
Then, E[X1T v1T |Y = α] can be computed by formulas 2. and 6. in Appendix C.
is evauated as follows: ) .
C Conditional Expectation Formulas for Certain Wiener-Itô Integrals
This section summarizes conditional expectation formulas used for the calculations in the previous sections. 
